Heat transfer from arrays of circular and non-circular ducts subject to finite volume and constant pressure drop constraints is examined. It is shown that the optimal duct dimension is independent of the array structure and hence represents an optimal construction element. Solutions are presented for the optimal duct dimensions and maximum heat transfer per unit volume for the parallel plate channel, rectangular channel, elliptic duct, circular duct, polygonal ducts, and triangular ducts. Approximate analytical results show that the optimal shape is the isosceles right triangle and square duct due to their ability to provide the most efficient packing in a fixed volume. Whereas a more exact analysis reveals that the parallel plate channel array is in fact the superior system. An approximate relationship is developed which is very nearly a universal solution for any duct shape in terms of the Bejan number and duct aspect ratio. Finally, validation of the relationships is provided using exact results from the open literature.
Introduction
Microchannels are at the fore front of todayÕs cooling technologies. They are widely being considered for cooling of electronic devices and in microheat exchanger systems due to their ease of manufacture. On a larger scale, compact heat exchangers also frequently utilize small passage geometries having characteristic length scales less than 3 mm. One issue which arises in the use of microchannels is related to the small length scale of the channel or duct cross-section. That is, as the characteristic length scale of the cross-section becomes smaller and smaller, the propensity for fully developed laminar flow increases. Since heat transfer coefficient diminishes with increasing flow length as does the heat transfer effectiveness of the fluid, it is desirable to maximize heat transfer for a fixed volume and mean system temperature. This issue can be addressed by considering the elemental passage geometries and determining the best passage size and configuration for a fixed volume, which is to be convectively cooled with a fluid stream supplied at constant pressure drop.
Bejan and Sciubba [1] first considered this problem for an array of parallel plates with application to the cooling of electronic systems. Using the intersection of asymptotes method, Bejan and Sciubba [1] obtained expressions for the optimal plate spacing to channel length ratio, b opt /L, and the maximum heat transfer per unit volume in terms of a dimensionless parameter which is now referred to as the Bejan number [2, 3] .
Yilmaz et al. [4] applied an exact method of analysis to obtain results for a single duct for the equilateral triangle, square, circular, and parallel plate geometries. The method of analysis is quite involved due the use of of complex generalized empirical correlations developed by one of the authors [4] . The authors [4] also proposed an empirically based formula for the optimal duct shape for these configurations. Fisher and Torrance [5] considered similar problems with conduction effects in the solid array. Finally, Favre-Marinet et al. [6] conducted experiments on microchannels to provide experimental evidence supporting the results reported in Bejan and Sciubba [1] .
In the present work, the approximate analysis method of Bejan and Sciubba [1] is applied to several other channel shapes to determine the optimal passage size to length ratio in terms of the Bejan number. It will be shown that these optimal dimensions are independent of the array configuration and thus represent a basic constructional unit for built up systems. These optimal scales are then applied to arrays of passages to determine the maximum heat transfer rate per unit volume.
Depending upon the passage shape, several potential packing arrangements can be chosen, each with its own characteristic performance. Results for individual shapes are compared with those reported in Yilmaz et al. [4] . 
Nomenclature

Hydrodynamic and thermal analysis
The system under consideration consists of a fixed volume to be cooled by means of laminar forced convection. The volume also contains an array of circular or non-circular passages, as shown in Fig. 1 . These passages may be arranged in such a manner that their number is maximized. Of particular interest are passages which are rectangular, elliptical, polygonal, or triangular.
The following assumptions are made throughout the analysis: the duct walls are isothermal (negligible conduction resistance in the array), uniform flow distribution (equal flow in all ducts or channels), laminar flow, constant cross-sectional duct area, no inlet or exit plenum losses, Prandtl number range Pr > 0.1, and a finite control volume (V = HWL).
Small ducts or channels
In the case of an array of ducts or channels with small cross-sectional characteristic reference length scale, the enthalpy balance for fully developed flow gives
where A is the cross-sectional area of an elemental duct or channel, N is the total number of ducts or channels, T s is the mean wall temperature, and T i is the fluid inlet temperature. The mean velocity, U, in any one duct or channel assuming uniform flow distribution, may be determined from the fully developed flow Poiseuille number defined as
where L is the characteristic length scale used to define the Poiseuille number. Combining the above two results gives the heat transfer rate in terms of the fundamental flow quantities
Eq. (4) may be written in alternate form
The Poiseuille number is reported for some forty different configurations in Shah and London [7] as fRe D h = 2Po D h , where D h is the hydraulic diameter defined as D h = 4A/P. Po D h is a numerical constant which varies with shape. Most geometric shapes have 6 < Po D h < 12.
The value of N for a given array must be determined for the cross-section, HW, in terms of a characteristic dimension of the duct or channel in the array. Considering that N $ HW/' 2 , where ' is the reference length scale, it can easily be shown that the heat transfer rate has the following dependency:
when A, P, and L are known in terms of '. For example for parallel plates this would give ' $ b, the plate spacing.
However, as we will see shortly, in the present derivation N appears in both asymptotic limits and thus cancels, and as such does not affect the outcome of the optimization. It will be shown that the solution is valid for the case of a single channel or an array of similar sized channels. The array is then constructed from these basic unit cells.
Large ducts or channels
In the case of an array of non-circular ducts or channels with large cross-sectional characteristic length scale, the heat transfer rate may be adequately approximated as boundary layer flow in this limit, Muzychka and Yovanovich [8] . The heat transfer rate is determined from
where h may be defined from the expression for laminar boundary layer flow over a flat plate
The free stream velocity U 1 , is obtained from a force balance on the array
where the mean wall shear stress is obtained from the boundary layer solution
Combining Eqs. (9) and (10) gives the following result for U 1 :
Finally, combining Eqs. (7), (8) and (11) yields the following result for the heat transfer rate
We may write Eq. (12) in an alternate form
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Geometry ð13Þ
Once again, we see that the heat transfer rate is directly proportional to the number of ducts or channels in the array. Considering that N $ HW/' 2 , where ' is the reference length scale of the cross-section, it can easily be shown that the heat transfer rate has the following dependency:
Optimal duct or channel size
The optimal duct or channel size may be found by means of the method of intersecting asymptotes [9, 10] . The exact shape of the heat transfer rate curve may be found using more exact methods such as expressions found in Shah and London [7] for individual geometries. As shown in Fig. 2 , the curves should be somewhat dependent on the duct shape. However, the intersection point of the two asymptotic results is relatively close to the exact point. In this way, an approximate value for the reference duct dimension may be found. Intersecting Eqs. (5) and (13) gives
Since N, appears on both sides of the equation, we can conclude that the optimal duct size is determined as a result of the length constraint and the pressure drop constraint and not that of the array. In other words, each optimal duct geometry represents a basic constructional element for the array, such that the array is also optimal.
After simplifying and collecting the system and geometry terms, the above equation may be written in the following form:
where Be = DpL 2 /la is the Bejan number as defined in [2, 3] . The right hand side is only a function of the duct shape and aspect ratio, while the left hand side is a system parameter which is constant and independent of duct shape or aspect ratio once a cooling volume, V = HWL, is specified. When the hydraulic diameter is chosen, L ¼ 4A=P , the optimal solution is determined by solving
This result can now be applied to several fundamental shapes that are often used in convection cooling of finite volumes. Later, we will re-examine Eq. (16) using an approximate universal value for Po ffiffi
This form allows for all of the shapes to be considered to be modeled with a single expression. Finally, all of the results in the present work are applicable for laminar flows or in terms of the Bejan number, the range defined [1] by
Maximum heat dissipation
The maximum heat transfer rate for a fixed volume can be obtained from Eq. (5) using the optimal result determined by Eq. (17). The number of ducts or channels N, which appears in the final result may then be cast in terms of the cooling volume cross-section HW. In this way, the maximum heat transfer per unit volume may be determined. Subsequent results may then be presented in terms of the following dimensionless heat transfer per unit volume:
where Q ¼ Q=ðHWLÞ is the heat transfer per unit volume, and C 3 is a numerical constant determined from the duct geometry.
Elemental geometries
We may now consider several common geometries which are convenient in electronics cooling and compact heat exchanger design. These include arrays of parallel plates, circular tubes, rectangular channels, elliptic ducts, polygonal ducts, and triangular ducts, as shown in Fig. 3 . 
Parallel plates
The problem of a finite volume cooled by a stack of parallel plates (or channels) was first considered by Bejan and Sciubba [1] . The following geometric parameters are required in the general analysis:
Substituting the above results into Eq. (17) gives the following results for the optimal plate spacing:
The maximum heat transfer rate for N $ H/b channels is
The above results are precisely the same as those obtained by Bejan and Sciubba [1] which are also reported in Bejan [9, 10] .
Circular tubes
If circular tubes are used to form an array of internal flow channels, the following geometric parameters are required:
Substituting the above results into Eq. (17) gives the following results for the optimal tube diameter:
The maximum heat transfer rate for the maximum number of tubes arranged on square centers where
The maximum dimensionless heat transfer is only 8.69% lower than the case for parallel plate channels. This difference can be attributed to the fact that tubes cannot fill the volume of space as efficiently as plane channels. This leads us to consider other geometries which allow for more efficient packing arrangements such as rectangular ducts and triangular ducts.
Rectangular ducts
In the case of an array of rectangular ducts having major axis a and minor axis b, the necessary geometric parameters are
where the duct aspect ratio is defined as = b/a. Eq. (35) represents a single term approximation for the Poiseuille number with a maximum error of 0.5%, which occurs for the limit = 1. Combining the above equations in Eq. (17), leads to
for the optimal minor axis dimension.
The maximum heat transfer rate using N $ HW/ab is
The following limits are obtained from the above equation:
The results for b opt /L and Q w are tabulated in Table 1 as a function of . It is clear that aspect ratio has only a small effect on the maximum heat transfer rate and that there is no optimal value. 
Elliptic ducts
In the case of an array of elliptic ducts having major axis a and minor axis b, the necessary geometric parameters are
where E( 0 ) is the complete elliptic integral of the second kind of complementary modulus 0 ¼ ffiffiffiffiffiffiffiffiffiffiffiffi 1 À 2 p and the duct aspect ratio is defined as = b/a. Combining the above equations in Eq. (17), leads to
The maximum heat transfer rate with N $ HW/ab is
The results for b opt /L and Q w are tabulated in Table  2 as a function of . In the case of the elliptic duct, the range for Q w is much smaller than that for the rectangular duct and once again there is no optimal aspect ratio.
Polygonal ducts
In the case of an array formed as a result of using polygonal ducts of side dimension b, the necessary geometric parameters are
Also of importance are the inscribed and circumscribed diameters of a regular polygon in terms of the side dimension b
These dimensions may be used to determine the nominal number of polygonal shapes that can be fit in an array if the ducts are arranged in a similar manner as circular tubes. Clearly, some shapes such as the triangle, square, and hexagon, allow for more efficient packing. We only consider one special case for maximum packing ability: the triangle, since the square has already been considered earlier.
Using the above relationships in Eq. (17), leads to the following expression for the optimal inscribed diameter which also happens to be the hydraulic diameter of a regular polygon:
The Poiseuille number for regular polygons with 3 < n 6 8 is given in Table 3 . Beyond n = 8, the Poiseuille number approaches that of the circular tube, n = 1. For most practical design problems n 6 8 suffices.
First, if we only consider packing arrangements of polygons arranged according to their circumscribed boundary as shown in Fig. 4(a) , such that N $ HW =d 2 c , then the maximum heat transfer rate can be shown to be
This equation approaches the solution for the tube in the limit of n ! 1. For all values of n, the packing is not very efficient. Results are summarized in Table 3 .
On the other hand, if we consider the special arrangement that a triangular duct may have (as shown in Fig.  4(c) ) where N $ 2 ffiffi ffi 2 p HW =ð ffiffi ffi 3 p b 2 Þ, then the maximum heat transfer rate can be shown to be
which is comparable to the square channel shown in Fig.  4(b) .
Isosceles triangular ducts
Finally, we may also examine isosceles triangular ducts in general, but only the special case of an isosceles right triangle is considered, refer to Fig 4(d) . The isosceles right triangle is particularly useful since it can be uniformly packed into two arrangements of 2 or 4 elements in a square packing arrangement. The geometric characteristics of an isosceles right triangle of leg d are
Using the above relationships and Eq. (17) we may determine the optimal leg dimension of the isosceles right triangle to be
Finally, the heat transfer rate for two or four element packing arrangement such that N $ 2HW/d 2 is
This result is the largest value of the dimensionless heat transfer per unit volume providing 1.8% greater heat transfer than the square cell. However, since we are not dealing with exact solutions, this marginal increase is likely not realizable in practice. But that is not to say that this is not a useful shape. In many compact heat exchangers triangular passages are formed through rolled fin processes as are square channel arrangements. Therefore, both shapes are the likely candidates for heat sink or heat exchanger designs containing small channels.
Arbitrary shaped ducts
Eq. (16) can be generalized further such that particular values of Po L are not required. Muzychka and Yovanovich [11, 12] showed that the Poiseuille number is a weak function of duct shape and can be predicted within 10% for most duct shapes as a function of aspect ratio only, when the characteristic length scale is L ¼ ffiffiffi A p . The expression for the rectangular duct has been proposed as a general model [11] Po ffiffi
The above equation predicts the Poiseuille number for the shapes considered within 7.5%. Eq. (16) may now be written in the form
Since the Poiseuille number appears to the 3/8 power, the small error introduced by the approximation of the Poiseuille number with Eq. (60) becomes even smaller. The maximum error in using Eq. (61) is approximately 2.5% when compared with the results reported earlier. 
Discussion
Several new approximate solutions for the optimal duct geometry have been obtained using the simple approach of Bejan and Sciubba [1] . For the most common and useful shapes examined, we see that arrays of square channels and equilateral or isosceles right triangles appear to yield maximum heat transfer per unit volume. The differences in these three shapes is small. On the basis of most efficient packing, the square and isosceles right triangles appear to be superior. Intuition would tend to agree with these results, as polygonal type shapes have the lowest Poiseuille numbers and hence lower flow resistance, while at the same time, these duct shapes can also provide for a large surface area per unit volume. Whereas parallel plates have the highest Poiseuille number and do not provide the ability for maximum heat transfer surface if they have the same spacing as a square duct. However, a quick review of the results show that the optimal duct size for a square duct is nominally larger than that of the parallel plates for the same Bejan number. Thus more surface could conceivably be packed into a fixed volume with parallel plates spaced closer together. Further, due to the nature of the approximate method, no absolute conclusion can be made as to which system is better, square duct or parallel plates? In any case, to answer these questions, one must examine more exact results using appropriate heat transfer and friction models for each shape.
Comparisons with more exact solutions
We now examine the accuracy of the solutions obtained using the order of magnitude approach by comparing these predictions with more exact results obtained from [1, 4] , for the parallel plate channel, circular duct, square duct, and triangular duct. The optimal solutions to the parallel plate configuration [1] were obtained using correlations for fluid friction and heat transfer which may be found in Shah and Sekulic [13] or Shah and London [7] . In the case of the triangular, square, and circular ducts, the correlations were generalized formulations developed by one of the authors of reference [4] .
The results from Yilmaz et al. [4] were not presented in terms of the Bejan number and required conversion to the notation used in the present work. Further, the results for heat transfer were only presented for a single duct, not an array of ducts. The results for both heat transfer and optimal duct diameter have been converted to the present notation and are summarized in Tables 4  and 5 . The mean values of the results presented in Table  4 for the optimal duct diameter are in excellent agreement with the approximate method presented earlier.
The approximate results are 8.3%, 8.2%, and 10.8% lower than the more exact and rigorous analysis.
The results of Bejan and Sciubba [1] are also presented for completeness in Table 6 . In the case of the optimal plate spacing, the exact predictions are approximately 11.7% higher than the simple approach. In all cases, the agreement between the approximate maximum heat transfer rate and the exact value increases with Prandtl number as shown in Tables 5 and 6 . Two points need to be highlighted regarding the approximate method. First, the order of magnitude is correctly predicted for both parameters. Second, as discussed by Bejan and Sciubba [1] , since the optimal duct dimension prediction has acceptable accuracy, one may then use conventional methods to calculate the heat transfer rate using the predicted geometry. Finally, although the order of magnitude method predicted that the square and triangular ducts had higher heat transfer per unit volume, the exact solutions clearly show that the parallel plate channel is the superior performer with approximately 10-15% greater performance depending on Prandtl number. This contradiction in results is due to the nature of the method of asymptotes. In these cases the actual heat transfer curve is lower for the square, while the intersection point of the asymptotes is higher for the square, when compared with the parallel plate geometry.
Summary and conclusions
Heat transfer from arrays of microchannels was considered for fixed volume and fixed pressure drop constraints. Order of magnitude relationships were developed for the optimal reference dimension of a number of fundamental duct shapes including the rectangle, ellipse, and regular polygons. An approximate expression for the optimal duct shape was developed for all ducts considered. Comparison of the approximate results with exact results from the literature show excellent agreement for the optimal duct dimensions. Maximum dimensionless heat transfer per unit volume also agreed well with exact results, however, more accurate results should be computed using conventional methods once the optimal geometry is found using the present approach. A simple general expression for optimal duct shape was developed.
